In this paper we compute the small mass expansion for the functional determinant of a scalar Laplacian defined on the bounded, generalized cone. In the framework of zeta function regularization, we obtain an expression for the functional determinant valid in any dimension for both Dirichlet and Robin boundary conditions in terms of the spectral zeta function of the base manifold. Moreover, as a particular case, we specify the base to be a d-dimensional sphere and present explicit results for d = 2, 3, 4, 5.
I. INTRODUCTION
The study of functional determinants of elliptic second order partial differential operators is of major importance in mathematical physics and quantum field theory [9, 10, 19] . In mathematics they encode particular important information about the spectrum of the operator under consideration. In quantum field theory, instead, functional determinants of elliptic operators are used in order to evaluate the one-loop effective action [9, 10, 14, 19, 22] . In the majority of cases of physical interest, one has to deal with second order hyperbolic linear partial differential operators describing the dynamics of fields in Minkowski spacetime. By performing a Wick rotation to Euclidian spacetime, the dynamical operator becomes elliptic. The mathematical advantage lies in the fact that for elliptic self-adjoint partial differential operators on compact manifolds the spectral theorem holds. This means, in particular, that the discrete spectrum is bounded from below and that all the eigenvalues can be ordered as follows −|C| ≤ λ 1 ≤ λ 2 · · · → +∞. One can then construct the spectral ζ-function of the operator, say L, as
which is convergent for Re s > D/2, with D being the dimension of the manifold under consideration. One can analytically continue, in a unique way, ζ(s) to a meromorphic function in the whole complex plane which coincides with (1.1) in its domain of convergence.
The functional determinant of the operator L is defined as a product of all its eigenvalues.
Obviously such an expression is divergent and, thus, needs to be regularized. One way of making sense of this infinite product is using ζ-function regularization. In this framework, one defines the functional determinant of L to be 2) where the derivative of ζ(s) at s = 0 has been obtained by analytic continuation in the way mentioned before. This object is of fundamental importance in quantum field theory because it yields the one-loop effective action Γ (1) as
3)
where σ = 1/2, −1/2 according to whether we are dealing with neutral scalar fields or Dirac fields.
In this paper we will utilize ζ-function techniques in order to obtain the small mass expansion of the functional determinant for the scalar Laplacian on the generalized cone. This work represents an extension to the massive case of the investigations initiated in the paper [2] ; see also [4, 11] .
Apart from the mathematical and theoretical interest of computing small mass corrections to the massless functional determinant, the main physical interest lies in the evaluation of the one-loop effective action or the Casimir energy for massive fields on orbifolds. In fact an orbifold is defined locally as the quotient space of a smooth manifold X and a discrete isometry group G acting linearly on X. In general the action of the group G on X will have fixed points, these points are then mapped to conical singularities in the quotient space. We can thus say that orbifolds can be locally represented as generalized cones. These geometries are of fundamental importance in order to compute the one-loop effective action in field theoretical models containing orbifold compactification (see e.g. [24] ). It is hoped that by combining a systematic small mass expansion with a large mass expansion from the heat kernel the intermediate range of mass values for which serious numerical work is needed can be minimized. That this can be achieved in principle has recently been demonstrated convincingly in [18] in the context of the QCD instanton determinant.
The outline of the paper is as follows. In Section II we describe the geometry of a bounded generalized cone and we introduce the basic objects of our study. In particular eigenmodes, eigenvalues and the related zeta function of the Laplacian on the cone are discussed. We consider two boundary conditions, namely Dirichlet and Robin, and the functional determinants for massive scalar fields on the cone are evaluated for each case. Specializing the generalized cone to the case of the ball very explicit answers involving the zeta function of Riemann are given. The Appendix contains a list of polynomials needed for the computation and the Conclusions point to the most important results of the article.
II. GEOMETRIC BACKGROUND AND ζ-FUNCTION
In this paper we will consider a particular bounded manifold which is known as the generalized cone. The generalized cone is defined as the
N is the base manifold, supposed to be a smooth Riemannian manifold possibly with boundary,
The generalized cone is endowed with the hyperspherical metric [7] 
where dΣ 2 represents the metric on N and r ∈ I. It is known [2] that the curvatures on M and on the base N are conformally related as follows
where R andR are the curvature tensors, respectively, on M and N . It is easily seen, from the relations (2.2), that in general the manifold under consideration has a singularity at the origin r = 0.
Let ∆ M be the Laplacian defined on the manifold M acting on scalar functions ϕ. We are interested in the the following eigenvalue problem
where the parameter m represents the mass of the scalar field. In hyperspherical coordinates, the Laplacian is separable and can be written as 5) where ∆ N denotes the Laplacian on the base manifold N . The solution of the eigenvalue equation (2.4) which is regular at the origin can be written as a product of a radial function and an angular one as follows 
At this point it is straightforward to show that the index ν of the Bessel function satisfies the equation
The introduction of a constant curvature on the manifold M does not add major complications.
In fact, by denoting with ξ the coupling constant, the eigenvalue equation (2.4) acquires the term ξR. In this situation the index ν becomes
where
The case in which the curvatureR is not constant has been described in [2] .
Let us now turn our attention to the spectral ζ-function associated with −∆ M + m 2 on the manifold M . This is defined as
where we will assume that no negative eigenvalues occur so that we can use the standard branch cut of the logarithm. Our aim is to express the zeta function for the whole manifold M as much as possible in terms of the base manifold zeta function ζ N [7] which is defined as
where d(ν) is the degeneracy of the scalar harmonics Y(Ω) on N . Without specifying the base manifold N one is still able to impose boundary conditions [2] , in particular we are interested in setting
for Dirichlet, and For Dirichlet boundary conditions a convenient way to express ζ M (s) in terms of a contour integral in the complex plane is as follows [2, 3, 4, 16, 19] ,
where Γ is a contour that encircles all the zeroes of J ν (k) on the positive real axis in the counterclockwise direction. By deforming the contour Γ to the imaginary axis one gets [4, 19] 
At this point, it is very useful to split the spectral ζ-function into two parts [3, 4, 19] . In order to do so we exploit the asymptotic expansion of the modified Bessel functions I ν (k) for ν → ∞ and for z = k/ν fixed as [15, 21] 16) where the polynomials u k (t) are determined by the recurrence relation
with u 0 (t) = 1 and
By adding and subtracting N leading terms of the asymptotic expansion (2.16) one can write
and
The terms D n (t) appearing in (2.24) are defined through the cumulant expansion [2, 3, 4, 19] ln 25) and have the polynomial structure
The polynomials (2.26) are listed, up to the sixth order, in Appendix A.
III. SMALL MASS EXPANSION FOR DIRICHLET BOUNDARY CONDITIONS
We are particularly interested in the evaluation of the first mass correction to the functional determinant of the scalar Laplacian on the generalized cone. Higher orders can be obtained along the same lines. In this case, the relevant formulas for the terms (2.20)-(2.22) are
It is not difficult to see, in equation (2.19) , that in order to evaluate the functional determinant we need to compute the derivatives of the quantities (2.20)-(2.24). We would like to point out here that for the explicit calculation that will follow it is sufficient to subtract the first D − 1 = d terms of the asymptotic expansion in (2.16) [2, 3, 4] . Therefore, we will set N = d in equation (2.19) .
we get
where D ′ n (1) denotes the derivative of the polynomials D n (t) evaluated at t = 1, and we have used the fact that
In what follows we will write the spectral ζ-function on the base manifold N in a way that explicitly shows its structure, namely we have 8) and for its derivative
where Res denotes the residue of the function and FP its finite part. We would like to make an important remark here. As already mentioned earlier, the generalized cone is a singular manifold and for this reason the heat kernel asymptotic expansion in general will contain a non-standard logarithmic term [5] . This behavior is translated into the appearance of a pole at s = 0 in the spectral ζ-function on M [4, 7, 25] . In what follows, we will assume that the logarithmic term in the heat kernel asymptotic expansion does not appear, this will allow a standard definition of the functional determinant [4] . From a more formal point of view, as said, this means that ζ M (s) is regular at s = 0, which is the case if ζ N (s) is regular at s = −1/2.
By using the expressions (3.8) and (3.9), it is not difficult to obtain the derivative of A −1 (s) at s = 0; more specifically we have
For the derivative at s = 0 of A 0 (s) one obtains 11) and, finally, for the terms A i (s) in (3.3) we get
where γ is the Euler-Mascheroni constant, ζ R (s) represents the Riemann ζ-function and Ψ(s) is the logarithmic derivative of the Gamma function.
At this point, we exploit the integral representation of the function ln Γ(ν) [17] , 13) and the integral representation for the inverse powers of ν as follows
to find
15)
It will be convenient to define the "square root" heat kernel associated with ν [2] 
By recalling that the spectral ζ-function is obtained from the heat kernel by an inverse Mellin transform as [10, 16, 19, 23] ζ
we can express the function (3.17) in the form
where we have introduced 20) and
The expression of primary interest, namely Z ′ (0), is obtained by just taking the limit as z approaches zero of (3.19) . By recalling the structure of the spectral ζ-function on N in (3.8) and (3.9), the limit as z → 0 gives
As a last step, we have to explicitly compute the remaining limits in equation (3.22) . By utilizing the series [2, 17] 23) and the asymptotic expansion of the heat kernel
with l ∈ N + , and
for k > d and k ∈ N + , one can prove that [2] 
The value ζ N +1 (0) just computed is needed in the small z expansion
By using this expansion together with (3.27) in the part of zeroth order in the mass of equation In order to present the complete final result for Dirichlet boundary conditions, we need also to consider the terms of quadratic order in mass. Exactly in the same way as we have done for the terms of order zero in the mass, we exploit the following small z expansion
The value of Res ζ N (z + 1, 1) at z = 0 can be easily obtained, in the same way as before, by using the asymptotic expansion (3.24) and the definition (3.21). Explicitly, we get
By substituting this last expression in the m 2 terms containing 1/z in (3.22), one easily finds
It is straightforward to prove, see e.g. [19] , that
and, therefore, the expression in (3.31) vanishes identically. By combining the results in (3.10)-(3.12) and (3.22) we can finally obtain the expression for the small mass expansion of the functional determinant of the Laplacian on the generalized cone as follows
where, in order to obtain the last expression, we have used the relations
We would like to point out that the terms of order zero in the mass in equation (3.33) coincide with the ones obtained in [2] . The terms proportional to m 2 are, instead, the new massive corrections to the scalar Laplacian on the generalized cone for Dirichlet boundary conditions.
IV. SMALL MASS EXPANSION FOR ROBIN BOUNDARY CONDITIONS
The calculational procedure to follow in order to compute ζ ′ M (0) for Robin boundary conditions closely resembles the one used in the previous section for the Dirichlet case. We will describe only the few necessary changes [2, 3, 4] . For Robin boundary conditions we need, in addition to the asymptotic expansion (2.16), the following one for I ′ ν (νz) [17, 21] 
where the polynomials v k (t) are determined by the recurrence relation
In analogy with the Dirichlet case, we will make use of the cumulant expansion [2, 3, 4, 19] ln
where the terms M k (t, u) have a polynomials structure analogous to the D n (t), namely [2, 3] . We will focus our attention on the computation of the function Z R (s) which presents slight modifications from the Dirichlet case. In what follows the subscript R will denote the Robin case. We write Z R (s), as we did before, in the form
By taking the derivative of Z ν,R (s) and setting s = 0 one obtains
By expanding the last term in equation (4.6) in powers of the mass up to the term m 2 we obtain
where we have used the relations [4, 19] 
At this point, by comparing the small z expansion of ln[uI ν (νz) + νzI ′ ν (νz)] with its Olver expansion we get the following useful relation
This relation allows us to write the expression for Z ′ ν,R (0) in (4.6) in the form
One can clearly see from the previous result that in order to study the Robin case we only need to consider the new additional terms. We would like to point out that this property has already been noticed and utilized in the case of the functional determinant for massless scalar fields in [2] .
Here, we have found that the same feature appears also for the m 2 correction. With the last remark in mind, let us define 12) and
The defining expression for N(u) can be evaluated similarly to the procedure utilized in the Dirichlet case. The calculation for N(u) is shown in detail in [2] and the final result can be explicitly written as
where ζ ′ N (z, u) has been defined in (3.21) . Let us now turn our attention to the term P(u). By utilizing the integral representation (3.14) and by noticing that
it is not difficult to prove that
At this point an explicit expression for P(u) can be given, namely
where we have introduced the parameter z in order to regularize the integral. By using the definition (3.21) it is not difficult to see that
As before, we need to take the limit as z approaches zero of the last expression. By recalling the analytic structure of the spectral ζ-function on the base manifold N , one obtains 19) where in order to obtain this formula we have used the fact, which is straightforward to prove, that
In the expression that multiplies 1/z in (4.19), one can notice that the terms corresponding to n = 0 vanish identically, the terms with n = 1 cancel the residue of ζ N (s) at s = 1, and the remaining terms of the sum with n ≥ 2 vanish as well due to the following identity
As a consequence, the potentially divergent term in 1/z vanishes identically.
We can finally write down the expression for the small mass expansion of the functional determinant of the Laplacian for Robin boundary conditions as follows
Here once again we would like to point out that the terms of zeroth order in the mass for ζ 
V. d-DIMENSIONAL SPHERE AS BASE MANIFOLD N
In this section we will assume that the base manifold is a d-dimensional sphere. In this case the relevant Bessel function index is 1) and the eigenfunctions are hyperspherical harmonics with the degeneracy
By using the definition (2.11), we can write ζ N (s) as
It is not difficult to show, with some algebraic manipulations on the factorials, that the ζ-function in (5.3) can be written as a sum of Barnes ζ-functions [2, 6] 6) where L represents the Hankel contour. By using this integral representation in the expression (5.4) we can write ζ N (s) as
With the help of a simple change of variables, z/2 → z, we can rewrite the result in (5.7) to obtain [2] 
In particular, we will need to compute, for Dirichlet boundary conditions, the residues of ζ N (s) at the points s = m/2 with m being a positive integer. It is easy to see that the integral in (5.8)
vanishes identically unless ν = d − m where the integrand has simple poles. By using the residue method we obtain [2] Res Another particular value that we will need in the subsequent calculations is ζ N (−1/2). Again from (5.8) it is straightforward to show that
In addition to the result (5.10), we will need, in the case of Robin boundary conditions, the residues of ζ N (s) at s = m/2 + 1. These follow immediately from (5.10) by replacing m with m + 2, the result then being valid for m ≥ 0 and d ≥ m + 2.
For the d-dimensional ball we also have that
By writing [2] e(l)
which defines e α , we have that 14) where the coefficients e α depend on the dimension d and are determined from the equation (5.13),
and ζ H represents the Hurwitz ζ-function. In particular, we have
For our calculations we will also need the following expression 16) where the coefficients e α (u) are easily found by utilizing the equality [2] 
(5.17)
VI. SPECIFIC DIMENSIONS FOR DIRICHLET BOUNDARY CONDITIONS
By utilizing the result for ζ ′ M (0) and the particular form obtained for ζ N (s) and ζ N +1 (s) when the base manifold is a sphere, we can get explicit expressions for specific dimensions. Here, we will present the results for d = 2, 3, 4, 5. Obviously, results for higher dimensions can be extracted with some amount of work from the formulas presented in the previous sections.
For the base manifold of dimension d = 2 we obtain ln(n + 1) (n + 1) s , (6.6) which holds for any integer z ≥ 2. We would like to point out that the results for the zeroth order in mass obtained for d = 2, 3, 4, 5 coincide with the ones obtained in [2, 19] .
VII. SPECIFIC DIMENSIONS FOR ROBIN BOUNDARY CONDITIONS
For Robin boundary conditions we consider the general result obtained in ( Higher orders can be computed as needed. Combined with large mass expansions coming from the heat kernel it is hoped that simple interpolating techniques are sufficient to find results for massive functional determinants essentially for all masses.
